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Abstract

The Initial transient response of straight wires connected to coaxial

lines is studied theoretically for the case where a pulse is applied to the co-

axial line. The wave form of the return pulse is first found approximately

for the case of a pulse of zero rise time. Since this does not correspond to

any feasible experimental situation, the effect of a finite rise time is consid-

ered in detail. Numerical results are obtained for several special cases.

' The work was supported in part by Grant 9721 from the National Science
Foundation and Joint Services Contract 1'onr'l866(3 2).

Alfred P. Sloan Foundation Fellow.
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1L Introduction

In principle, the properties of a: linear system can be completely Dpeci-

fl1ed by giving Its response at all real frequencies. The response of such a 'system

to a given input may then be determined by the principle of superposition. In

practice, however, this procedure may not be straightforward, either because the

frequency response Is imperfectly known, or because it Is not convenient to carry

Put the necessary calculation for the linear superposition. In the, case of the

problem of the dipole antenna, the frequency response has been the subject of in-

vestigation for several decades, but relatively little In known about the transient

behavior. For the Idealized problem of the Infinite' dipole driven by a delta-

function generator, the solution can be obtained explicitly. This solution. unfor-

tunately cannot bo checked experimentally, because in virtually every experimen-

tal setu p a transmission line is involved. King and Schm~ittZ have measured and

computed theoretically the effect of the coaxial transmission line connecting theJ

antenna to the generator. The experiment was arather difficult one, and probably

will be repeated soon. In view of the experimental inaccuracy, only an. average
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reflection coefficient is calculated theoretically. There is an ambiguity as to how

this Average should be taken, but it is found that the results of takig different

averages are quite close to each other, and are in good agreement with the measure-

mentl.

With the help of a high-speed oscilloscope, it seems quite possible that the

accuracy of the measurement can be improved significantly. With this pos ibility

in mind, it may be argued that an average reflection coefficient is no longer ade-

quate in describing the result of observation. It is therefore the purpose of this

paper to study in greater detail the problem of the linear antenna considered by

"King and Schmitt.

In connection with the problem of the frequency response of a linear an-

tenna driven from a coaxial lne', it has been shown3 that, to a good approximation

when the wavelength is not too small, the apparent terminal admittance can be de-

composed additively into two parts, one being characteristic of the antenna and in-

dependent of the dimensions of the transmission line, and the other being a frequency-

independent capacitance. In the experiment of King and Schmitt, it has been found

that the effect of this capacitance is at least one order of magnitude too small to be

detectable. The approximation is hence made throughout this paper that this

capacitance can be neglected. Indeed, the calculation becomes immensely more

complicated without this approximation. Moreover, in the treatment of King and

Schmitt, only the case of the infinite antenna is considered; this approximation is

also retained here. Physically, this means that only the initial behavior in time

is given correctly by the present theory. In view of these assumptions, it is felt

"that it is not meaningful to ask for expressions of great accuracy; instead, the pur -,

pose is to find formulas that are relatively simple and are yet accurate to perhaps

several per cent. The geometry of the problem is shown in Fig. I
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/ 2. Formulation of the Problem

Lot I denote the current on the inner conductor of the coaxial line, then

for a pure T.EM mode the Incident current Is given by

1Inc ( t)*£nc (t /) 21

where c Is the velocity of light. htis assumed that fin has a Fourier repre-,

finct)()$ dw F(W)e~ .I (2.2)

Uf I(w) In the reflection coefficient at the frequency w ,then the reflected current

* is

Irf~ ,Xt) fro -(t +,c / (C.3

* where

tref W , (2r) 1 $dw r~) F(w) a 'w' (2.4)

Moreover, at z - -co, the total current on the inner conductor of the coaxial
inc ref

line approaches I +I .It has been assumed that only the TEM mode

propagates.

Let. Y(w) and Z(c&) = Y(c)] -be the apparent terminal admittance and

impedance respectively. Let

R (2r) 1 C0 ~(b/al) (2. 5)



TR370 -4-

be the characteristic resistance of the coaxial line, whore C0  s the characteristic

Impedance of -free space, Then

r (w) a [R~ Z(w)]/[fR +Z~) (2.6)

Uf the frequancy-Indoapoident capacitance Is neglected, then the apparent

0term inal aidmittance lit given by

Y~) 2k 01 $ dC (C2 - k 2 4 [ Ll 1 k2 Cia 1]1 (2.7)

Co

where kt w /c ,,Y is Euler's, constant, and the c'ontour of IntogrationC Is shown

3in Fig. 2. As pointed out before, there Is an ambiguity In (2. 7) duo to the zeroess

a 2
of the quantity in the bracket at ± k +46e a-! this ambiguity Is of no

consequence here. For the present purpose, it Is sufficient to expand the In-

*tog rand of (2. 7) in powers of tn (ka) .The two leading terms are

Y(W) ZWCj' ( En (-Zka) + y ~W i tn Z[ Z k a) +Y w

Therefore

Z(cw),=(2w) C 0 [En (k a) -Y + ~Wi] (2. 8)

This expression is also used by King and Schmitt.2

'The following property of the right-hand side of (2-. 8) is of paramount

importance here. So far w has. been considered to be real and (2. 8) is obtained

:on this basis. However, the right-hand side of (Z..8) can be analytically continued

into the entire complex w-plane except for a branch cut along the negative

imaginary axis, and moreover this analy'tic continuation int the cut plane satisfies
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the rotation

w*here the asterisk deontes complex conjugation. In general, the real part of a

microwave impedance must be non-negative In the upper half plane. This is not

$at Isafied ,by the right-whand side of (2.:8) when

0'I) ~kc a/a .(2.10)

For many reasons (2. 8) must break down when (2. 10) holds. The present con-

sideration is meaningful only when the contribution from the region (2. 10)1is not

-of Importance.

In ýthe next two sections, the 'reflected current is to be obtained approxi-

mately on the basis of (2. 3) -(2. 6) and (2. 8) for two different cases of incident

current.



* ~TR370--

*3. Case ýof a Sharp Step

In this section, the came is considered whereo

I f~ort>
ffc (t)u 11 for t <0. (3.1

Hence

F~w)* i/~ .(3.2)

Here the reflected current is given in terms of

U t(ka) -Un (b/a') +y.ZW~i

1 ref ~ z~) ~ d~he tn(ka) 1 +tn ý(b/a') Y i ' 3,3
Cl

whore the contour of integration C1 is shown in Fig. 3 .Accordingly

£re(t) no (3.4)

for t < 0 ,and

fref t) + -xt tn c(x)-nba-yw X17a) -nOI')yw

tnc(ax) +tn(b/la) - y +Wl nU c (ax) * 7tn~ba') -y-w i

*for t > 0 .It is convenient to define

t (a'I/b)(alc) ,(3.6)

which plays the role of a characteristic time for the present problem. If

A./
0o
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tnatra change of variable, (3. 5) may be uimplified to the formf

jWf(t) +'12 Ctn (b/a') x 4  11tn [( +,Y) 2  38

Equation (3.8) is valid only for ~ ~I *In this, range, the right-hand side

of (3.:8) 'may be evaluated approximately asfollows. Since It Is known that

I. O-(YX x 39

0-Y

and since the factor [(tn x y)' +wj- in the integrand of (3. 8) varies relatively

slowly, (3.s8) may bO approximated by

-- Y
TO

-1)-+ 2 n(ba xdx [(tn x + Y) +W3. (3.10)

An elementary integration gives, for t ~

Equations (3.4) and (3.11) furnish the desired answer to the special cAse

under consideration.

Equation (3. 11) is valid only when T »I. eneoifrainhsben

obtained when t is small or comparable to the characteristic time to The be-

"havior of the reflected current is expected to be rather complicated for such small

t' ic eyhigh frequency components play an important role in this range.: This

is perhaps to be expected from a comparison with ýthe idealized problem of an
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infinite dipole antenna driven by a delta-function generator. On the one hand,

* there exists no known way to treat these very high-frequtency components theoreti-

pe cally for a linear Antenna driven from a coaxial line. On the other hand, in an

*actual experiment, there Is A finite rise time for the incident pulse anyway, and

hene te..ver hih-frequency components are not present. Therefore, for the

purpose of comparison with possible future experimental results, It In more in-

tetigto study the effect of a finite rise time. A particularly simple model is

'treated in the next section.
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4. Case of Gradual Rise

To distinguish tho various quantities that Appear -in this @action from the

corresponding ones in Sec. 3, an additional subscript. I is used here. In tJo

'present case, the incident curront In given in terms of

tinc 1 for t >0,(41

0 lfor t <0

Hance

F aW If W1 J -(b+it 1 )J. (4.2)

Throughout this section, it Is further assumed that

TI t/o>1 1. (4. 3)

The reflected current In given in terms of

ref j(n) en(ka) tCii(b/a) y+')YIT 1 (4.4)

Again, for t<O',

1 rf()=0 .(4.5)

Since the integrand in (4.4) is unbounded near w -it 1  it is more convenient to

make use of (.5) and rewrite (4. 4) in the form

t~t)-i2w4  ['~ -t/t1  t~n(kaY- tIn (b/a-) - y +.ZEI

(4ý.61)
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In this form, tha procedure of Sec. 3 may be followed to yield successively, for

t/ t/t,

ref :/t XI
* f1 ~~ (tu-I- ) 2  dx(~ a--tI -o

x-t

XI

U c (ax)'.,n (b/ai) - Y+wi 4n tc (ax) -tn (b/&') - Y - w

!on t(ax)L + U(b/l) Y+W! ;4n c(axz)+ n(/ YW

f (t) 4(1-0 +) 2 tn (b/a') Sdx [x' (x He -01) 1 [1 [(U.x +*?+i2]

0
(4.8)

in complete az~alogy with (3. 5) and (3. 8).

The approximate evaluation of the right-hand side of (4. 8) is based on the

same idea as before, namely on the obscrvation that the last factor in the integrand

*varies relatively slowly. Lot x, x1 (t, tl) be determined by the condition

-1-Y

x a
i -i1T T L TT
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Then, for" t 0 , (4. 8) Is reduced approximate ly to

f (1e 2J -6 2*) {4Z1J.. (b /a'I) 4 -tn -1tn

Equ ation 0(4.65) and,(4. 10) furnish the desired answer; it only remains to find x1 .

lin order to simplify (4. 9)1 some properties of the exponential integral

are needed. Generalizing the notation 'of Jahnke and Lindo4 let

S

E(z) 1:3 at ed

be an analytic function of the complex variable z with a branch cut coinciding

with the positive real axis. Also lot

Mi(x) aRe Ei (x)

for x >0 then

M I(x) a -P) S l71edg

-CD

where (P) denotes principal value at =0 With this notation,,(4.9) can, be,

written as

tan (x1/) - eIZ~x/r) e 1 Mi (Tr/T L) yJ =0

and henco

X, T X ( - W' [Ml (r/r1 T tn (T/'r/L Y (4. 11)

This cornplCtes the tiodutiun.
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It may be of some Inte rest to consider briefly two extreme cases* ~ (x)

may be expressed alternatively As

Hence afor x i(x) Is approximately

r(X) U X+.Y + X.

Accordingly, when r ,(4.11I) reduces to

TI

On the other hand, when 7 >

Thus, for t»> tj the reflected current is essentially independent of t1 , as may

be expected.

In view of (4. 12) and (4. 13), a rough approximation to the reflected current

is given very simply by putting X, T, or

ref (4.14
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"5, Numerical Rosults.and Discussion

A quantitative study of the properties of a pulse reflected back into a

perfectly conducting coaxial line from the Junction between the line and a mono-
pole antenna erected vertically over a ground screen involves at least five param-

eters. Of those three, the radius a of the antenna, the radius a' of the inner

conductor of the coaxial line, and the inner radius b of the coaxial shield are

contained In the characteristic time to a aa'/bc where c is the velocity of light.

The fourth parameter is the rise and decay time tI of the pulse if it is assumed

that the rise and decay are identical functions of the time. (If this assumption is

tot made, an additional parameter is required.) The fifth parameter is the duration

Sof the pulse, T .

A convenient radius for antennas in a variety of measurements is a - 3mm

If the ratio b/a' for the coaxial line is taken to be 2 - corresponding to a char-

acteristic resistance R * 41 ohms - the characteristic time to as defined inc
(3. 6) is only about 5 x 10Iz seconds. This is an extremely short time for micro-

wave measurements. Indeed, a pulse with a rise time much less than 10 seconds

is at present difficult to obtain. This means that tI/to0 T I t 20 unless an antenna

with a radius that is much greater than 3mm is used in the experiment. Therefore,

the conclusion is reached that the pulse shapes and amplitudes determined in Sec. 4 for

finite rise times should correspond much more closely to possible experimental

situations than those obtained in Sec. 3 where a sharp step is assumed. For

comparison with measurable results, it is certain that a pulse with a finite rise

time, a finite duration, and a finite decay time must be used. Since the problemr

is linear, the incident current is of the form

i : i1 (,,t)- nc(t-zlc) nct . (5.1)-T-z/c
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who re f~')Isgven by (4.1) and whore' it has boo asueht the decayo h

Pulse is the same an the rise. If mercury switches are used, thejparticular form

(4. 1) is probably a battor approximation for the rise than for' the decay.

For purposes of comparison graphs of the inciden sharp step fhCtas

defined in (3.1) and of the gradual Istep 4ftc(t) with rise ýtime t1 as defined in

(.1) are shown together in Fig. 4 *In the same figure are also shown sharp
Inc.

rectangular pulses Ia(t and pulses with finite and equal rise and decay times

*t 1 as given by Inc(t) ,Theme pulses have the forms

I in(t) ?nfc(1 ) fin ui(t-T) (5.2)

and

IC(t) f!.In(t) - (t -T) , (5. 3)

whore T in the duration of the pulse. This is assigned the values T/t 1 i,1,.5 and

10 for the gradual pulse. The same values of T are used for the sharp pulse to

facilitate comparison. It Is soen from the figure that with a finite rise time the'

incident pulse Is not flat on top unless T/t, exceeds about 5 .I
,Physically such an incident pulse consists of a concentration of positive (or

neative) charges that moves outward on the coaxial line with the velocity of ligh

c ,If the dielectric is air and perfect conductors are assumed. Such a moving

concentration of charge cntutsaurent I~~).In a sharp pulse the charges

are confined to a physical pulse length Is cIT in a gradual pulse of the same

,duration, the charge concentration actually extends over a greater distance if the

region of decay is' included.
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When an incident concentration of positive charges roaches the junction be-

tween the coaxial line and Lhe antenna, a transmitted concentration of charges

travels outward on the. antonna, a reflected concentration travels back along the

coaxial line. It Is this latter that in given by f(t) in (3.,11 or 4 ft) in (4,10)

when the incident signal Is a sharp or a gradual step, and by

"" fett • eflt) •fof7(tT) 1(5. 4)

or
rf -0 ref T) (5

when the incident signal is a sharp pulse or a gradual pulse with identical rise and

decay.

Consider first the reflection for an incident signal consisting of the sharp

step f`nc(t) as defined in (3. 1). Physically this corresponds to a uniform con-

centration of positive charge per unit length advancing along an uncharged coaxial

line with the velocity of light. When the sudden rise in charge per unit length from

zero to a final value reaches the end of the line, the transmission of an outward-

iraveling signal along the antenna and a reflected signal back along the line begins.

The reflected disturbance is given by (3.11) . However, since the restriction t >>t

has been imposed in the derivation, this formula is not a good approximation when

" is small. The reflected pulse must, of course, be observed at a great distance

from the antenna. Since the nature of the reflected disturbance depends critically

on the characteristic resistance R= t Cn (b/a') of the coaxial line, it is

convenient to use this as the parameter in the numerical evaluation of (3.11) in the

alternative formr,

rcc Ii f () -+ M-1(• )] ( 5.6)z'-"fl~r : - + T-L~ý-¥a
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Curves computed from (5. 6) are shown in Fig. 5 The range of R Is from 50 to

• 286 ohms; the radius a of the antenna is taken to be 3/16 in or 2.38 mm

When R€ a 50 ohms, the characteristic time is tO a 3.45 x 10"~ second$.

When a sharp step of charges is incident upon a termination such as an

antenna, the reflection observed back on the line in an interval T must be the

sama as for an incident rectangular pulse of duration T . This is a consequence

Sof causality together with the linearity characteristic of the problem. Since a

shorter pulse contains relatively more high-frequency components in its spectrum,

the initial behavior of a reflected pulse Is determined primarily by the characteris-

tics of the junction at high frequencies. This is of particular significance in de-

termining the shape of the reflected signal, since the impedance -of the antenna

terminating the line is a function of frequency.

The Impedance of an infinitely long antenna as given in (2.8) decreases as

the frequency is increased. 2 If such an antenna (or an antenna of finite length

insofar as the first reflection from its base is concerned) terminates a coaxial line

with a given characteristic resistance R 50 ohms , the current-reflection coef-

ficient tends to be positive for the high frequencies and negative for the low fre-

quencies. Hence, unless R is very low, the reflection of a sharp step as itc
arrives at a point along the line begins with a positive peak. This decreases in

amplitude for later times, and eventually reduces to zero and becomes negative as

the low-frequency end of the signal becomes dominant.

As the incident concentration of positive charges reaches the end of the

line, it continues out onto the antenna with an increased magnitude, while a compen-

sating concentration of negative charges travels back along the line to reduce some-

what the constant positive charge left by the incident step. Note that negative
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charges moving back &'long the line constitute a positive current. It is gleen in

Fig 5 that the' reflected current Is positive for All value. at Rc 50 during a

sufficiently short 'Initial period. The smaller the Rc the shorter, of course, is this

peariod.,

Owing to the uncertainty in the'initial value of ',ro(i,) ,it is not icon'venient

ref of
ýto construct a reflecteid pulse I~ i by superimposing the reflection$ jir

and -'.r,( 0 TVt0  from successive Incident steps.
or fComputations to determine the reflected signal r(t) for the gradual in-

cident stop and ~ t I 'ref- T) for the gradual incident pulse haveJ

been carried out for two somewhat different sets of conditions. For the first set

the following data (corresponding approximately to, art experiment already reportedý

ware used: -a .3/16.in *Z. 38 mm, and Rc a50 ohms; these correspond to

U 3.45 x 101 seconds. *For the rise time. the value ti 1. 035 x 10-9 seconds

for T I atI/ a 300 approximates that used In the experiment. Curvas of W~ft

-and four different reflected pulses f. Oft)-'et- T) with the pulse durations

T/t a 1,2,5 and 10 are shown in Fig. 6 .Note that 'rO (t) and ref rsmbe
fin (t (t)neseble

respectively, fifC()and 4ct)in Fig. 4 . Owing to its rather long rise time,

the pulse does not contain many very high-frequenc comoets htwt h

' The coaxial line used in the experiment had polystyrene (a r =2.45) as dielectric

-i n-stead of air as assumed in the theoretical derivation. It is readily verified that if

the characteristic resistance of the line is the same, there is no change in to whciý
11 1a a' U b uis 'now defined byt ahrb 0il SneR-t X t

b u 1

.it is clear that for any given R ,the quantity (~~is a constant independent

r of the dielectric constant.
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* characteristic resistance R a50 ohms of the coAxial line the Incident current
'c

*is reflected wi th a negative sign The maxim value of the measured reflected

' Pulse* with t I'm 109sOc T a 3 x 10~ sac ,a .1/16 i n rind R. 50 ohms, wasn

0. 72 *Note that this valun Is in good Agreement with the maximum for T1/tl.'

as seen from Fig. 6

Very interosting results are obttined with a second met of cnnditions in which

the effect of changing the radius a' of the inner conductor (and hence the character-

istic: realistance Rd) of the c oaxial. lno Isa studied for art extremely short rise time.

*For the antenna of radius 3/116 in a2. 38 mm used In the previous case, the rise

time uacd is tt 2 0.69 x 100 second. (For a somewhat thicker antenna with.I

am3.45 mm the same results apply to a Bie t i m of t1 a010 second.) Let as

and, hence, t0 be vA tied In, such a manner-that with t1 a ,and b f ixed, T1 at A

*has the value T 20, 50 *1600 500 ,1000 .Thcse correspond to R 50 ,105.2 , j
ý146.6 ,187 ,243 U 25 ohms. Curves showing f" f(t) and 11 (t) Ait composite

and 10 are given in Fig. 7 for each of the Live values of (tr wit A t cmposite

superposition of all of these curvesa in Fi g. 8 is useful for overall comparisons.

A study of the Live sets of curves 'i Fig. 7 and Fig. 8 shows that for. the -

low characteristic resistance 50 ohms, the shapes of the refiected pulses are
cI

quite similar to those in Fig. 6 where'the rise time is 15 time s as long. They are

also very much like the incident pulses shown in Fig. 4. The reflected current

* uleisngaie o R=50 ohms. However', as the value of R cis increased
cc

*the initial fairly rapid rise begins wýith a positive rather than negative, peak that

corresponds to a concentration of negative ýcharges traveling back along the line.
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After the positive peak comnesa' negative peak which ndct.thath cnetz'to

of negative charges is followed by & concentration of positive charges. This be-.

havior Is, In cloplte, agreement with the earlier discusuion In conjunction with

Fig. 5 . In order to observe a positive reflected cur'rent experimesntally a pulle

with a aer short rise timeo and a line with a fairly large'value of R are re-

* quirod.
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